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We have studied theoretically the effect of a tuneable lateral confinement on two-dimensional hole sys-
tems realised in III-V semiconductor heterostructures. Based on the 4 × 4 Luttinger description of the
valence band, we have calculated quasi-onedimensional (quasi-1D) hole subband energies and anisotropic
Lande´ g-factors. Confinement-induced band mixing results in the possibility to manipulate electronic and
spin properties of quasi-1D hole states over a much wider range than is typically possible for confined
conduction-band electrons. Our results are relevant for recent experiments where source-drain-bias spec-
troscopy was used to measure Zeeman splitting of holes in p-type quantum point contacts.
Copyright line will be provided by the publisher
1 Introduction Low-dimensional hole systems provide an interesting playground for engineering spin
properties of charge carriers. In typical semiconductors, quantum confinement affects the physical proper-
ties of holes much more strongly than those of electrons [1]. This is because subband quantisation causes an
energy splitting between heavy-hole (HH) and light-hole (LH) bands, and modifies their residual coupling.
The Zeeman splitting of 2D hole systems for in-plane magnetic fields is a good example; it is suppressed
for HH states [2] but doubled for LH states [3]. On the most basic level, this behaviour can be understood
by noting that the heavy and light-hole bands belong to a quadruplet of states having total angular momen-
tum j = 3/2. More detailed theory [4] based on the Luttinger description [5] of the valence band provides
realistic values for the Lande´ g-factors of 2D holes, including the in-plane Zeeman-splitting anisotropy in
low-symmetry heterostructures. The competition between confinement-induced band mixing and HH-LH
energy splitting also determines the physical properties of hole quantum wires [6], dots [7], and localised
acceptor states [8]. Recently, transport measurements in hole wires [9] and point contacts [10] have become
possible, opening up new possibilities to investigate electronic and spin properties of quasi-1D hole sys-
tems. Here we investigate the confinement dependence of hole g-factors in quasi-1D structures, mapping
the crossover between the weakly confined 2D and symmetrically confined 1D limits.
2 Theoretical description of quasi-1D hole systems The HH and LH bands are distinguished by the
quantum number jz of projection of total angular momentum along the quantisation (z) axis: jz = ±3/2
for HHs, jz = ±1/2 for LHs. Their dynamics is described by the Luttinger Hamiltonian [5], which
forms the basis for our investigation of quasi-1D hole systems. While the effect of remote bands (split-
off, conduction, etc.) may need to be included to achieve reasonable quantitative accuracy [11], we do
not expect it to change the qualitative features of the 2D-to-1D crossover focussed on in this work. In the
following, we use atomic units (h¯ = m0 = 1) and adhere to the hole picture for energy bands. We also find
it useful to employ a universal representation [12, 13] of the Luttinger Hamiltonian as a sum over tensor
invariants where all information about band structure is contained in the Luttinger parameters [5, 13]
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γ1, γs = (3γ3 + 2γ2)/5, γδ = (γ3 − γ2)/2, and coordinate-system-dependent constants cj . The most
general 4 × 4 valence-band Hamiltonian [4, 13] also includes terms describing spin splitting due to the
Zeeman effect or arising from bulk (B) and/or structural (S) inversion asymmetry (IA). It reads
H4×4 =
[
γ1
2
+
5
4
γs
]
kˆ2−γs
(
kˆ · Jˆ
)2
+γδ
∑
j
cjTj(kˆ, Jˆ)+HZ+HBIA+HSIA+V (rˆ) . (2.1)
We denote operators of position, kinetic wave vector, and total angular momentum by rˆ, kˆ, and Jˆ, respec-
tively. Tj(kˆ, Jˆ) are tensor invariants associated with axial (j = 0) and cubic (j 6= 0) corrections to the
spherical Luttinger Hamiltonian; see the notation used by Fishman [13].
In the following, we include the isotropic Zeeman termHZ = 2κµB B · Jˆ with bulk-hole g-factor κ but
neglect spin splitting due to IA. We consider a rectangular hard-wall confining potential V (rˆ) in the xy
plane, characterised by quantum-well widths Wx and Wy . Hence we adopt the wire axis as the quantisation
axis of total angular momentum. As we are interested in describing the properties of hole point contacts
realised by lateral confinement in a 2D HH system [10], we assume a strong confinement in x direction and
consider only the lowest orbital quantum-well bound state. Results obtained in the spherical approximation
(i.e., for γδ = 0) serve to illustrate that the crossover between the 2D and symmetrically confined 1D limits
(realised for Wy ≫Wx and Wy →Wx, respectively) is concomitant with a monotonous change from HH
to LH character for the lowest quasi-1D subbands. As recent hole point contacts [10] were realised in
quantum wells grown in the low-symmetry [113] direction, we also present results for quasi-1D hole states
calculated from the full Luttinger Hamiltonian, including axial and cubic corrections.
3 2D-to-1D crossover in the spherical approximation In the spherical approximation for the kinetic
energy, the Hamiltonian for a hole quantum wire can be written asH(wire)s = H(sb)s +H(hl)s +H(1D)s +H(mix)s .
These terms correspond to quantised 1D bound-state energies (sb), a coupling between heavy and light
holes arising from asymmetric 1D confinement (hl), the quadratic energy dispersion for hole motion along
the wire (1D), and a term that accounts for additional inter-subband mixing between heavy and light holes
(mix). Introducing total-angular-momentum ladder operators Jˆ± = (Jˆx ± iJˆy)/
√
2, combinations kˆ± =
kˆx ± ikˆy, and the notation { , } for a symmetrised product of two operators, the explicit expressions are
H(sb)s =
〈(
γ1
2
+
γs
2
[
Jˆ2z −
5
4
])
kˆ2⊥ + V (x, y)
〉
, (3.1a)
H(hl)s = −
γs
2
〈
kˆ2x − kˆ2y
〉
(Jˆ2+ + Jˆ
2
−) , (3.1b)
H(1D)s =
(
γ1
2
− γs
[
Jˆ2z −
5
4
])
kˆ2z , (3.1c)
H(mix)s = −γs
(〈{kˆx , kˆy}〉
2i
(Jˆ2+ − Jˆ2−) +
√
2
[〈{kˆz , kˆ−}〉{Jˆz , Jˆ+}+ 〈{kˆz , kˆ+}〉{Jˆz , Jˆ−}]
)
.
(3.1d)
It is understood that, in Eqs. (3.1), operators inside angular brackets have to be replaced by their corre-
sponding matrix elements between the quantised levels that diagonalise H(sb)s . The term H(hl)s mixes HH
and LH states from the same and also between different quantised levels ofH(sb)s . As we are only interested
in hole-wire subbands at energies well below the 2D LH subband edge, we can neglect the HH-LH mixing
between different quantised levels, in particular also those arising from H(mix)s . Quasi-1D hole-subband
energies obtained within this version of the subband k · p method [14] are shown in Figure 1. We obtained
analytical expressions, which we omit here because of space limitations.
In a quantum point contact [15], a conductance step occurs whenever a quasi-1D subband edge passes
through the Fermi level EF. The spectroscopic determination of Zeeman splitting [16] is based on an
c© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Fig. 1 Subband energies for hole wires formed by a
hard-wall confinement in the xy plane, characterised
by widths Wx and Wy. We show results for the
five lowest wire subband edges deriving from the low-
est 2D HH and LH subbands, respectively. E0 =
γ1pi
2h¯2/(2m0W
2
x ), where γ1 denotes a Luttinger pa-
rameter [5] andm0 is the electron mass in vacuum. The
bulk valence-band bottom is taken as zero energy, and
γs/γ1 = 0.37 was assumed (the value for GaAs [17]).
We neglected inter-band HH-LH coupling terms that
will change subband crossings into anticrossings but
do not affect wire subbands at energies well below the
2D LH level.
analysis of how these steps change with an applied magnetic field. Hence it is useful to study 1D hole-
subband edges. For comparison with experiments, we provide an approximate formula for EF in a 2D HH
system with density n2D and quantum-well width Wx. Measured from the bulk valence-band edge, it is
EF
E0
= 1− 2 γs
γ1
+
2
pi
(
1 +
γs
γ1
)
n2DW
2
x . (3.2)
Assuming n2D = 1 × 1015 m−2 and Wx = 20 nm, which corresponds to the experimental situation of
Ref. [10], we find EF/E0 = 0.61. Using Fig. 1, we can estimate Wy ≈ 2Wx at the last conductance step.
We have determined the anisotropic hole spin splitting due to an external magnetic field B by diagonalis-
ing the sum of the Zeeman termHZ and the spherical Luttinger Hamiltonian with confinement [Eqs. (3.1)].
Lande´ g-factors for fields parallel to the x, y, z directions can be extracted from the corresponding Zee-
man spin splittings. We focus here on the states at quasi-1D subband edges, i.e., for kz = 0. It turns
out that the g-factors are only functions of the subband energy, i.e., have no explicit dependence on the
wire’s aspect ratio and quasi-1D-level quantum number. Hence, within the spherical approximation, the
hole g-factor is the same for all quasi-1D subbands when they pass the Fermi energy in a point contact. We
show corresponding values in Figure 2. Again, space limitations prevent us from giving analytical results.
4 Realistic description of hole wires: Axial and cubic corrections The simple spherical model dis-
cussed in the previous Section captures the qualitative 2D-to-1D crossover expected in a hole QPC. How-
ever, for a proper quantitative description of the Zeeman splitting, we need to include axial and cubic terms
as well. For example, cubic terms are providing the leading contribution to the g-factor for in-plane field
directions in 2D HH systems [4] and, hence, can also be expected to be dominant for wide hole wires.
Hence, the dependence of g-factors on wire width will be strongly influenced by the axial and cubic parts.
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Fig. 2 Lande´ g-factors of hole-wire subband edges
crossing the Fermi energy EF. The solid (dashed, dot-
ted) curve corresponds to the situation with magnetic
field applied in the x (y, z) direction. (The wire is
aligned with the z axis and the 2D quantum well is
grown in the x direction.) The results shown are ob-
tained using GaAs bandstructure parameters [17] and
are valid for magnetic fields that are much smaller
than the scale B˜ = pi2h¯/(eW 2x ). The Fermi en-
ergy is measured from the bulk valence-band bottom.
The evolution of the g-factor anisotropy indicates the
crossover of hole-wire subbands having HH charac-
ter at small EF (i.e., weak lateral confinement) to LH
character in a symmetrically confined wire.
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Fig. 3 Effective g-factors as a function of aspect ra-
tio for a hole wire realised in a [113] GaAs quan-
tum well and oriented parallel to the [332¯] direction.
The solid (dashed, dotted) curve corresponds to the
magnetic field being applied in the x (y, z) direction.
(We consider the geometry where the wire is aligned
with the z axis and the 2D quantum well is grown in
the x direction.) Results shown are obtained using
GaAs bandstructure parameters [17] and are valid for
magnetic fields that are much smaller than the scale
B˜ = pi2h¯/(eW 2x ) set by the 2D quantum-well con-
finement.
As before, we find the hole g-factors by diagonalising the sum of the Luttinger Hamiltonian (now
including axial and cubic terms) with confinement and the Zeeman term, again neglecting HH-LH coupling
between different quantised orbital levels. Our results for a quantum-wire geometry realised in recent
experiment [10] are shown in Figure 3. With cubic corrections included, the g-factors obtained for in-
plane magnetic-field directions in the 2D limit (Wy ≫ Wx) are finite. Their values agree quite well with
those given previously [4], even though our approach neglects HH-LH mixing between different quantised
1D orbital levels and, hence, could have been rather bad for describing the 2D limit. Most interestingly,
though, we find that the in-plane g-factor anisotropy changes character during the 2D-to-1D crossover.
The crossing of the dashed and dotted curves in Fig. 3 indicates that the confinement-induced HH-LH
mixing eventually results in a larger Zeeman splitting for in-plane fields perpendicular to the hole wire as
compared with fields parallel to the wire, effectively reversing the situation encountered in the 2D limit.
5 Conclusions We calculated quasi-1D subbands and g-factors for laterally confined 2D HH systems.
Confinement-induced band mixing causes a strongly wire-width-dependent Zeeman splitting. Future work
needs to consider the effect of a nonuniform lateral confinement and address many-body effects.
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